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VI. A Letter from Mr. John Robertfon to 
the Prelident, containmg an Explanation 
of the late Dr. Halley V Demonjlration of 
the Analogy of the Logarithmic Tangents 
to the Meridian Line, or Sum of the 
Secants. 

SIR, 

;?^^//Nov.22.T^ /ry Curiofity having lately led me 
^l':>^' XV X to perufe feveral Books on the 
Art of Navigation, I was fomewhat furprifed not to 
find in any one of them a clear Explanation of that 
mod curious Paper in N^ 219. of the Tkilofophical 
Tranfa6iions^ written by the excellent Mathematician 
Dr. Halley 5 who, not intending to write for Begin- 
ners, as himfelf confeffcs, has drawn his Conclu- 
fions in a manner, that fcems to ftand in need of 
an Explanation, for the Generality of Readers: And 
as the maritime People are not the beft acquainted 
with mathematical Knowledge, it might have been 
cxpeded, that fuch of the Writers on Navigation 
within the laft f o Years, who have undertaken to 
demonftrate the feveral Parts of their Subjeft, would 
have removed the Difficulties in the Doctor's Paper, 
inftead of leaving them in the fame State in which 
they firft appeared. 

Dr, Halley^ in this Trad, feems to have had two 
chief Points in View i Firft, To prove, that tke 
Divtjions of the Meridian Line in a Mercatofs 
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ChdTt^ rs:ere analogom to the logarithtmc Tangents 
of the Haif'Compier/ients of the Latitudes. And, 
fecondiy, To fiyid a Rule hy which the Tables of 
meridional Tarts might be computed from Briggs'x, 
or ti:c comynon logarithmic Tangents. The former 
of thcfe the Doctor hasdeaily and elegantly proved: 
But he has given rather too few Steps to fhew as 
dearly the Invcftigation of the latter. 

Indeed in many of the Treatifes on Fluxions, it is 
fhewn how to inveftigare a Rule to find the meri- 
dional Parts xo any Latitude: But, to underftand 
thole Mctliods, requires fome Skill in algebraical 
and fluxionarv Computations; neither of which are 
ncc^flary in this Bufinefs, by keeping to the Dcdor's 
Principles, as will be evident from the following 
Articles; fome of which are already wtU known; 
yet it was thought convenient to annex them to this 
Difcourfe, by 

Tour moji humble Servant y 

John Robcrtfon, 



Article I. If the Circumference of a Circle be di- 
vided iftto any Number of equal Parts by as many 
Radii, and a L ne be dra^wnfom the Circtimfe" 
rence cutting thofeK^AW^ fo that their Tarts in- 
tercepted betweeyi this Line and the Centre be 
in a continued decreafing (geometric ProgreJJlcni 
then will that interfering Line be a Curve^ 
called the proportional Spiral^ and will interfe£f 
thofe Radii at equal Angles. 
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This will be evidcnr, by fuppoiing the EaJ^a r^ 
near to one another, that thic intercepted Pa^ts of 
the Spiral may be taken as right Lines : For then 
there will be a Series of fimilar Triangles, each hav- 
ing an equal Angle at the Centre^ and the Si;Ies about 
thofe Angles proportiona!. 

Art. II. Tke fame tkhigs ftillfuppofed, the Tarts 
of the Circumfennce of the Circle^ rechrndfrom 
any me Taint, may be taken as the Logarithms 
of the Ratio's hf^'ien the correjponding Rap of 

the SjJ al. 

For thofe Rays are a Series of Terms in a conti- 
nued geometric Progrelllon \ and the Parts of the 
Circomferencc form a Series of Terms in arithme- 
tic Proarclllon- Kow the Terms of the arithmetic 
Series being taken as the Exponents of the corrc- 
fponding Terms in the geometric Series^ there will 
be the fame Relation betwcin each <^eonietric Term 
and its Correlative, as between Numbers and their 
Logarithms. And hence the proportional Spiral is 
alfo called the logarkhmic Spiral. 

Art. IIL TtatpropoftimaiSpirak "izhich interJeBs 
its B.adii at Jngles of ^^ "Degrees, produces Lo- 
garithms that are ofKzfkfs Kind. 
For, it the DifFcience between the iirft and fecond 
Terms in the geometric Series was indefinitely fmall, 
and the fnft Divillon cf the Circumference was of 
the fame Magnitude $ then may that Part of the Spi- 
ral, intercepted^ between the firft and fecond Hadii^ 
be taken as the Diagonal of a Square, twoofwhofc 
Sides are Parts of thofe Radii: Therefore the Spiral 

which 
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which cuts its Rays at Angles of 4f Degrees, has 
a kind of Logarithms belonging to it, fo related to 
their corrcfponding Numbers, that the fmaileft Va- 
riation between the firft and fecond Terms in the 
geometric Series, is equal to the Logarithm of the 
fecond Term, a Cypher being taken for the Loga- 
rithm of the firft. But of this kind are the hyper- 
bolical Logarithms, or thofe firft made by their 
Inventor the Lord Napier: Confequently the Loga- 
rithms to that Spiral which cuts its Rays at Angles 
of 4^ Degrees, are of the Naperian Kind. 

Art. IV. The Rhumb -Lines on the Globe are ana- 
logous to the logarithmic Spiral 
For every obUque Rhumb cuts the Meridian at 
equal Angles : And it is a Property in ftereographic 
Projedions, that the Lines therein inrerfcfting one 
another, form Angles equal to thofe which they re- 
prcfent on the Sphere. Therefore a Projedlion of the 
Sphere being made on the Plane of the Equator, 
the Meridians wili become the Radii o^ the Equator, 
and the Rhumbs interfering them .it equal Angles, 
will become the proportional Spiral. 

Hence, the Arcs of the Equator, or the Differences 
of Longitude reckoned from the fame Meridian^ 
are as the Logarithms of thofe Parts of the corrc- 
fponding Meridians, intercepted between the Centre 
andRhumb'Line. 

Art. V. A Sea Chart being conjlru^ed, 'wherein 
the Meridians are parallel to one another, and 
the Lengths of the TDegrtes of Latitude increafe 
in the fame Proportion as the meridional Di* 

fiances 
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Jiances decreafe on the Globes^ will conftitute a 
Mercators Chart ; wherein^ k fides the Tojitions 
of "Places having the fame Tr opinions to one 
another as on the Globes^ the rhumb Lines will 
be reprefented by right Lines. 
For none but right Lines can cut at equal Angles 
feveral parallel right Lines. 

Art. VL The T^ivijions of the meridian Lim #^ 
a Mercators Chart, are the fame as a Table of 
the T)ifferences of Longitude anfwering to each 
Minute^ or fmatl "Differ ence of Latitude m the 
rhumb Line making Angles of ^$T>egrees /with 
the Meridians. 

For, in fuch a Chart, the Parallels of Latitude r arc 
^qual to the Equator, and are at right Angles to the 
Meridians: And therefore a Rliutmb of 4y Degrees 
cuts the Meridians and Parallels of Latitudes at equal 
Angles,- confcquently between the- Interfc<9:ion of 
any Meridian and Parallel, and a Rhumb cutting 
them at 4f Degrees, there muft be eqiial. Parts of 
the Meridian and Parallel intercepted : l^ow,onthe 
Equator, or Parallels of Latitude, are reckoned alt 
the fuccelllve Differences of Longitudes, and on the 
Meridians thefucceffive meridional Differences of La- 
titudes, or the Diviftons of the nautical Meridian : 
Therefore on the Rhumb of 4jr Degrees, tliefucceflivc 
Differences of Longitude are equal to the correlpond- 
ing Divifions of the nautical Meridian^ 

Art. VIL The Tangents oftki Angles which dif 
ferent Rhumbs make mth the Meridians y are di- 
re [fly proportional t<^ ihi ^differences of Longi* 

C c c c tndes 
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tudes made on thofe Rhumbs^ when the meridi- 
onal "Differences of Latitudes are equal ^ or^ are 
reclprocallf proportional to unequal meridional 
differences of Latitudes on thofe Rhumbs^ when 
the "Differences of Longitudes are equal. 

For the meridional Difference of Latitude, \s to 
the DifFercnce of Longitude 5 as Radius is to the Tan- 
gent of the Angle of the Courfc, or of the Angle 
tvhich'thc Rhiimb makes with the Meridian. There- 
fore, when the meridional Differences of Latitudes 
arc equal, the Differences df Longitudes are as the 
Tangents of the Gourfes : But, when the Differences 
of Lbngitudcs to €c[ua!,r the- meridional Differences 
cf Latitudes are reciprocally as the Tangents of the 
Gourfes* 

Art. VIIL T! he logarithmic Tangents of the Half- 
Complements of the Latitudes y are analogous to 
the lengthened Degrees in the nautical Meridian 
Line, in a Mercatofs Chart. 

For, in the ftereographic Projedion of the Sphere 
on the Plane of the Equator, the Latitudes of Places 
are projefted by the Half-Tangents of the Complc- 
riients of thofe Latitudes, which Half- Tangents are the 
Rays of a proportional Spiral : Now, if a Series of 
fucceilive Latitudes be taken on any Rhumb, the 
correfponding Differences of Longitudes will be Lo- 
garithms to the Rays of the Spiral, or to the Tangents 
of the Half-Complements of thofe Latitudes : There- 
fore the Differences of Longitudes are as the logar 
rirhmic Tangents of the Half-Gomplements of the La- 
titudc5 ; But (;j^r/.VI») the lengthened D on the 

nautical 
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flautical MerWian are as the DifFerences of Lonaitudes 
on the Rhumb of 4f Degrees, confcquently the 
logarithmic Tangents of the Half-Complements of 
Latitudes are as the lengthened Degrees on the nau- 
tical Meridian. 

CoroL I. When the Angle between the rhumb 
Line and the Meridian is equal to 45 Degrees, then 
the Longitudes of Places on that Rhumb are exprefled 
by Logarithms of Napier's Kind ; whofe correfpond- 
ing Numbers are natural Tangents of the Half^ 
Complements of the Latitudes to Arcs cpreffid in 
Parts of the Radius. 

Coral. 2. Hence, to any two Places dh' a Rhumb 
of 4f Degrees, the Difference of Longitude, or the 
meridional Difference of Latitude, is equal to the 
Difference of the A'^^/>/Vm^ logarithmic Tangents 
of the Half-Complements of the- E^itudes of tliofc 
Place's, eftimatcd in Parts of the Radim. 

Carol. 3^ As there may be an indefinite Varletf 
of Rhumbs, and therefore as manv different Kinds 
of Logarithms,; confcquently every Species of Loga* 
rithms has its peculiar Rhumb, diftiriguifha^^ bf 
the Angle it makes with the MeridiauN: Therefore^ 
among thefc there are two Kinds, wtiereto the Dit-* 
ferences of Longitudes are the Differences of the 
logarithmic Tangents of the Half-Complemciits of 
Latitudes, eftimatcd in Minutes of a Degree j one of 
them belonging to A^i5r//>r's Form of logarithmic 
Tangents, and the other to Bnggs% or the common 
logarithmic Tangents. 

Art. IX, The comnidn logarithmic Tangents are 4, 
TaMtof ike differences of Longituaer^to every' 

C €cc t Miniite 
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Minute^ of Latitude, m the rhumb Line making 
Angles with the Meridians of fi'' ^%* 9'^- 
For, let z> rcprcreiu the meridional Difference of 
Latitude between two Places on tlie Rhumb of 45 
Degrees; or its Equal, the Difference between the 
logarithmic Tangents of the Half-Complements of 
the Latitudes of thofe Places, eftimarcd either in 
Parts of the Radius^ or in Minutes of a Degree. 
Then, 
As ^he. Cii^cumferencc in Parts of the Radius 

To the Circumference in Mlntttj?s of a Degree 

Sa js a meridional Difference of Latitude in Parts of 

l^^^ftadius =Z:. 
Jfii a, ivieridional Difference of Latitude in Minutes 
ofik Degree, =r 0,343774^^8 d^A x z- 
Whofc correfponding Rhumb is different from 
tljiat- \^ti?h ^ belonged to 5 and the Angle which 
tlu^ Rhumb tnaJkes with the Meridian, will be found 
by the following Analogy from j^rt. 7. 

M Ac meridional Difference of Latitude on one 
e'^Rhiimb = 0,3+3774^8 &c. z. 
To the meridional Difference of Latitude on a Rhumb 

of 45: Degrees, =^. 
So is the natural Tangent of the Rhumb of 45 

Efe^rees, s=loooo*. 
To ttie natural Tangent of the other Rhumb, 

=: 79088,92 1, &C. 

Which Tangent anfwers to 71^ 1' 4^" 5 and this 
is the Angle that the rhumb Line makes with the 
Meri^aus^on which the Differences of the logarithmic 

Tangents 
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Tangents of the Half-Complemcnrs of the Latitudes, 
in Napier sVormy are the true Differences of Lon- 
gitudes eftimatcd in fexagcfimal Parts of a Degree. 

Now Napier s Logarithms being to Briggs's as 
2,30138 &c. is to I. 

Therefore, 2,30258 c^r. : i :: 29088,8211 &c. 
: 12633,114 &c.\ wliich is the Tangent of fi^, 
38' 9^5 and in this Angle are the Meridians inter- 
fered by that Rhunib, on which the Differences of 
Brigs*s logarithmic Tangents of the Half-Comple- 
ments of the Latitudes, arc the true Differences of 
Longitudes correjponding to thofe Latitudes. 

Art. X. The T>ifference between Briggs'x loga^ 
fithmic Tangents of the Half Complements of 
the Latitudes of any two T laces ^ to the meri- 
dionalTiifference of Latitude in Minutes between 
thofe T laces y is in the conjiant Ratio ofi26^y^ 
&c, to I i or of I to 0,00075? 1 5704 ^c. 

For Br/ggs's logarithmic Tangents are as the Dif- 
ferences of Longitudes on the Rhumb (j4) offiS 
38^ 9'^5 whofe natural Tangent is 1263,3 ^c^ 

The nautical Meridian is a Scale of Longitudes on 
the Rhumb {B) of 45 Degrees, by ^rt. VL whofc 
Tangent being equal to the Radius, may be ex- 
preffed by Unity. And rhe Differences of Longitude 
to equal Differences of Latitudes on different Rhumbs, 
being to each other as the Tangents of the Angles 
thofe Rhumbs make with the Meridians. Therefore, 

As the Tangent of ^ (fi? 38^ p") = 1,2633, &^* 
To the Tangent of B (45^) = 1,0000 j 

So 
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So is the Difference of Longitudes on Ay or the 
DifFereace between the logaridimic Tangents of 
the Half Co-latitudes of two Places 
To the Difference of Longitudes on i?, or the me- 
ridional Difference of Latitudes of thofe Places, 
And hence arife the Rules which are given in nau- 
tical Works, for finding the meridional Parts by a 
Table of common logarithmic Tangents. 

This curious Difcovery of Dr. Hdlef^^ joined to 
thatexcellentThought of his, of delineating the Lines, 
fhewing the Variation of the Compafs, on the nautical 
Chart, are fomc of the very few ufeful Additions 
made to the Art of Navigation within the laft ifo 
Years: For if, befide tliefc, we except the Labours 
of that ingenious Artift Mr. Richard Norwood, who 
improved the Art by adding to it the Manner of 
failing in a Current, and by finding the Meafurcof 
a. Degree on a great Circle, the Theory of Naviga- 
tion' will be found nearly in the fame State in which 
it was left by that eminent Mathematician Mr. 
Edward Wrigf^ts who, about the Year 1600, pub* 
lifhed the Principles on which the true nautical Art 
is founded % and fliewed, what does not appear to 
have been known before, how to eflnnate a Ship's 
true Place at Sea, as well in Longitude as in Lati- 
tude, by the Uie of a> Table of meridional Parts, 
firft madje.by hinifelf, andconflrud:ed by the con- 
flant Addition of the Secants, and which differs al* 
moft irifenjB.bly from fuch a Table^ niade oii^Dr. H^sj/- 
/iff's Principles, contcuned in tiie. preceding Articles. 
IftiaircOHcI.udcthisDifcourfewithanArtick,whicb, 
altho' it be fomcwltat foreign to the preceding Sub- 
lett^ yet, as it was difcovcr'd while I was contem- 
plating 

I 
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tcmplatiiig feme Part thereof, and perhaps is not 
exhibited ia the fame View by others, it may not 
be improper to annex it in this Place : Which js to 
dcmonftratc this common logarithmic Property, that 
the Fluxion of a Number decided by that Number^ 
is equal to the Fhixion of the Napierian Logarithm 
of that N'. mber. 

Let BEG bt ^ loga- 
rirhmic Spiral, cutting its 
Rays at An.;le.s of 45 De- 
grees: Then, if-<^^ be 
taken as a Number, BC 
will br its Napierian or 
hyperlciic Logarithm. 

Alfo, let CT> cxprcft 
the Fluxion of the Loga- 
rithm BC\ and the cc^- 
reiponding Fluxion of the 
Number -<^£, will be re- 
prcfented by FG^ or its 
Equal FE\ as the Angles 
FEG and FGE are equair 

Now, AC '.CD II AE : (£F=) FG. 

Therefore CT> = ^~ x JB. 

AEs 

And if ^B be taken as the Unit or Tcrm^fron* 
whence the Numbers begin : 

Tlvcn CD = ~^. ^ e, 4, 
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